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Let x : M → Sn+p be an n-dimensional submanifold in the unit sphere Sn+p and denote by
H and S the mean curvature and squared length of the second fundamental form of M ,
respectively. M is called an extremal submanifold if it is a critical point with respect to
the functional
∫
M(S − nH2)dv . In this paper, we investigate gap phenomenon and prove a
global pinching theorem and a pointwise pinching theorem for extremal submanifolds in a
unit sphere.
© 2011 Elsevier B.V. All rights reserved.
1. Introduction
Let Mn be an n-dimensional submanifold in an (n + p)-dimensional unit sphere. Let {e1, . . . , en} be a local orthonormal
basis of M with respect to the induced metric, and {en+1, . . . , en+p} be a local orthonormal basis of T⊥p M , the normal bundle
of M . In this paper, we make the following convention on the range of indices.
1 i, j,k n, n + 1 α,β,γ  n + p.
Denote by H and S the mean curvature and the squared length of the second fundamental form of M , respectively. Then,
we have
S =
∑
α,i, j
(
hαi j
)2
, H =
∑
α
Hαeα, H
α = 1
n
∑
k
hαkk, H = |H|,
where hαi j are the components of the second fundamental tensor of M .
It seems very interesting to study the gap phenomenon for submanifolds. In 1968, J. Simons [8] proved the following
striking result.
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M
S
[
n −
(
2− 1
p
)
S
]
dv  0.
In particular, if S  n2−1/p , then either S = 0 and M is totally geodesic, or S ≡ n2−1/p .
In [1] and [7], Chern, Do Carmo, Kobayashi and Lawson proved that if S ≡ n2−1/p , then either p = 1 and M is a Clifford
hypersurface, or n = 2, p = 2 and M is the Veronese surface.
Set ρ2 = S − nH2. ρ vanishes at umbilic points of M . The Willmore functional is deﬁned by
W (x) =
∫
M
(
S − nH2) n2 dv.
A Willmore submanifold is a critical submanifold of the above Willmore functional. In 2002, H.Z. Li [4] proved a rigidity
theorem for compact Willmore submanifolds in Sn+p : if ρ2  n2−1/p , then either ρ2 = 0 and M is totally umbilic, or ρ2 =
n
2−1/p . In the latter case, either p = 1 and M is a Willmore torus Wm,n−m , or n = 2, p = 2 and M is the Veronese surface.
In [9], Shu obtains a similar result for Willmore submanifolds with ﬂat normal bundle.
We will consider the following non-negative functional
F (x) =
∫
M
(
S − nH2)dv. (1.1)
We see that, F (x) identically vanishes if and only if M is a totally umbilical submanifold. The functional F (x) measures how
derivation x(M) is from a totally umbilical submanifold. In particular, when n = 2, F (x) is equal to the Willmore functional
W (x).
Deﬁnition 1.1. x : M → Sn+p is called an extremal submanifold if it is a critical point of the functional F (x).
In [5], Guo and Li obtained the following Euler–Lagrangian equation for the functional F (x).
Theorem 1.2. Let x : M → Sn+p be an n-dimensional submanifold in the unit sphere Sn+p . Then M is an extremal submanifold of
F (x) if and only if for n + 1 α  n + p
(n − 1)⊥Hα +
∑
β,i, j,k
hαi jh
β
ikh
β
kj −
∑
β,i, j
Hβhβi jh
α
i j −
n
2
ρ2Hα = 0, (1.2)
where ⊥Hα =∑i Hαii .
They also proved the following gap theorem for extremal submanifolds in Sn+p (see [5]).
Theorem 1.3. Let M be an n-dimensional (n 2) compact extremal submanifold in Sn+p . Then we have∫
M
ρ2
(
n
2− 1/p − ρ
2
)
dv  0.
In particular, if
ρ2  n
2− 1/p ,
then either ρ2 ≡ 0 and M is totally umbilical, or ρ2 ≡ n2−1/p . In the latter case, either p = 1, n = 2m and M is a Clifford torus
Cm,m = Sm(
√
1
2 ) × Sm(
√
1
2 ); or n = 2, p = 2 and M is the Veronese surface.
In this paper, we prove the following global pinching theorem for extremal submanifolds.
Theorem A. Let M be an n-dimensional compact extremal submanifold in Sn+p (n 3). There exists an explicit positive constant An
depending only on n such that if∥∥ρ2∥∥ n
2
< An,
then M is a totally umbilical submanifold.
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Theorem B. Let M be an n-dimensional (n  3) compact extremal submanifold with ﬂat normal bundle in the unit sphere Sn+p . If
ρ2  n, then either ρ2 ≡ 0 and M is totally umbilic, or ρ2 ≡ n. In the latter case p = 1, n = 2m and M is a Clifford torus Cm,m =
Sm(
√
1
2 ) × Sm(
√
1
2 ).
2. Basic lemmas
Let x : M → Sn+p be an n-dimensional submanifold in the unit sphere Sn+p . We shall make use of the following conven-
tion on the range of indices:
1 A, B,C  n + p, 1 i, j,k n, n + 1 α,β,γ  n + p.
Choose an orthonormal frame ﬁeld {eA} in a neighborhood of a point p ∈ M such that {e1, . . . , en} span the tangent space
T pM to M at p. Let {θA} be the dual frame ﬁelds of {eA} and {θAB} the connection 1-form of Sn+p . The Gauss equations
are given by
Rijkl = (δikδ jl − δilδ jk) +
∑
α
(
hαikh
α
jl − hαil hαjk
)
, (2.1)
Rik = (n − 1)δik + n
∑
α
Hαhαik −
∑
α, j
hαi jh
α
jk, (2.2)
R = n(n − 1) + n2H2 − S, (2.3)
where R is the scalar curvature of M .
Denoting the covariant derivative of hαi j by h
α
i jk and h
α
i jkl respectively, we have∑
k
hαi jkθk = dhαi j +
∑
k
hαkjθki +
∑
k
hαikθkj +
∑
β
hβi jθβα, (2.4)
∑
l
hαi jklθl = dhαi jk +
∑
l
hαl jkθli +
∑
l
hαilkθl j +
∑
l
hαi jlθlk +
∑
β
hβi jkθβα. (2.5)
We then have the Codazzi equations
hαi jk = hαikj. (2.6)
Taking exterior differentiation of (2.4), we have the following Ricci identities
hαi jkl − hαi jlk =
∑
m
hαmj Rmikl +
∑
m
hαimRmjkl +
∑
β
hβi j Rβαkl. (2.7)
The Ricci equations are
Rαβ i j =
∑
k
(
hαikh
β
kj − hβikhαkj
)
. (2.8)
For convenience, we deﬁne tensors
h˜αi j = hαi j − Hαδi j, (2.9)
σ˜αβ =
∑
i, j
h˜αi j h˜
β
i j, σαβ =
∑
i, j
hαi jh
β
i j. (2.10)
By a direct calculation, we get∑
k
h˜αkk = 0,
∑
α,i, j
(
h˜αi j
)2 = S − nH2. (2.11)
By (2.9), (1.2) can be written as∑
β,i, j,k
h˜αi j h˜
β
ikh˜
β
kj = −(n − 1)⊥Hα −
∑
β
Hβσ˜αβ − Hαρ2 + n
2
Hαρ2. (2.12)
The following lemmas will be used in the proof of our theorem.
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α,i, j,k
(
h˜αi jk
)2  |∇ fε|2, (2.13)
where fε = [∑α∑i, j(xαi j)2]1/2 = (ρ2 + npε2)1/2 , xαi j = h˜αi j + εδi j , and ε is a positive constant.
Proof. Set f α = [∑i, j(xαi j)2]1/2. For ﬁxed α, we choose an orthonormal frame {ei}, such that hαi j = λαi δi j , 1 i, j  n. Then
we have
xαi j =
(
λαi − Hα + ε
)
δi j,
f α =
[∑
i
(
xαii
)2]1/2
.
This implies
∣∣∇( f α)2∣∣2 = ∣∣∣∣∇∑
i
(
xαii
)2∣∣∣∣
2
= 4
∑
k
(∑
i
xαii x
α
iik
)2
 4
∑
i
(
xαii
)2∑
k,i
(
xαiik
)2 = 4( f α)2∑
k,i
(
xαiik
)2
,
i.e., ∣∣∇( f α)2∣∣ 2( f α)√∑
k,i
(
xαiik
)2
.
So ∣∣∇ f 2ε ∣∣=
∣∣∣∣∇
(∑
α
(
f α
)2)∣∣∣∣∑
α
∣∣∇( f α)2∣∣ 2∑
α
(
f α
√∑
k,i
(
xαiik
)2)
 2
√∑
α
(
f α
)2√∑
α,k,i
(
xαiik
)2 = 2 fε
√∑
α,k,i
(
xαiik
)2
,
i.e., ∑
α,i,k
(
xαiik
)2  |∇ f 2ε |2
4 f 2ε
= |∇ fε|2.
Hence ∑
α,i, j,k
(
xαi jk
)2  |∇ fε|2. 
Lemma 2.2. Let M be an n (n 3)-dimensional compact submanifold in the unit sphere Sn+p . Then for any f ∈ C1(M), f  0, t > 0,
f satisﬁes the following inequality∫
M
|∇ f |2 dv  k1(n, t)
(∫
M
f
2n
n−2 dv
) n−2
n
− k2(n, t)
∫
M
(
1+ H2) f 2 dv, (2.14)
where
k1(n, t) = (n − 2)
2
4(1+ t)(n − 1)2
1
C2(n)
,
k2(n, t) = (n − 2)
2
4t(n − 1)2 ,
and C(n) is a positive constant depending only on dimension n.
Proof. From [6] and [10], we have(∫
f
n
n−1 dv
) n−1
n
 C(n)
∫ (|∇ f | +√1+ H2 f )dv.M M
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2(n−1)
n−2 , we get(∫
M
f
2n
n−2 dv
) n−1
n
 C(n)
∫
M
(
2(n − 1)
n − 2 f
n
n−2 |∇ f | +
√
1+ H2 f 2(n−1)n−2
)
dv
= 2(n − 1)C(n)
n − 2
∫
M
f
n
n−2 |∇ f |dv + C(n)
∫
M
√
1+ H2 f · f nn−2 dv.
By Holder’s inequality, we obtain(∫
M
f
2n
n−2 dv
) n−1
n
 2(n − 1)C(n)
n − 2
(∫
M
f
2n
n−2 dv
) 1
2
(∫
M
|∇ f |2 dv
) 1
2
+ C(n)
(∫
M
(
1+ H2) f 2 dv)
1
2
(∫
M
f
2n
n−2 dv
) 1
2
,
i.e., (∫
M
f
2n
n−2 dv
) n−2
2n
 2(n − 1)C(n)
n − 2
(∫
M
|∇ f |2 dv
) 1
2
+ C(n)
(∫
M
(
1+ H2) f 2 dv)
1
2
.
This implies(∫
M
f
2n
n−2 dv
) n−2
n
 4(n − 1)
2C2(n)
(n − 2)2
∫
M
|∇ f |2 dv + C2(n)
∫
M
(
1+ H2) f 2 dv
+ 4(n − 1)C
2(n)
n − 2
(∫
M
|∇ f |2 dv
) 1
2
(∫
M
(
1+ H2) f 2 dv)
1
2
 C2(n)
[
4(n − 1)2(1+ t)
(n − 2)2
∫
M
|∇ f |2 dv +
(
1+ 1
t
)∫
M
(
1+ H2) f 2 dv].
So ∫
M
|∇ f |2 dv  (n − 2)
2
4(n − 1)2(1+ t)
[
1
C2(n)
(∫
M
f
2n
n−2 dv
) n−2
n
−
(
1+ 1
t
)∫
M
(
1+ H2) f 2 dv].
This completes the proof of Lemma 2.2. 
3. Proof of the Global Pinching Theorem
In this section, we give the proof of Theorem A. The following lemma (also see [4]) will be used in our proof.
Lemma 3.1. Let x : M → Sn+p be an n-dimensional submanifold in Sn+p . Then
1
2
ρ2  |∇h|2 − n2∣∣∇⊥H∣∣2 + ∑
α,i, j,k
(
hαi jh
α
kki
)
j + n
∑
α,β,i, j,m
Hβ h˜βmjh˜
α
i j h˜
α
im + nρ2 + nH2ρ2 − ηρ4 −
1
2

(
nH2
)
, (3.1)
where
η = min
{
3
2
,2− 1
p
}
,
and |∇⊥H|2 =∑α,k(Hαk )2 .
Proof. From (4.14) and (6.4) in [4], we obtain (3.1). 
Proof of Theorem A. Integrating (3.1) over M and using Stoke’s formula, we have
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∫
M
[
|∇h|2 − n2∣∣∇⊥H∣∣2 + ∑
α,i, j,k
(
hαi jh
α
kki
)
j + n
∑
α,β,i, j,m
Hβ h˜βmjh˜
α
i j h˜
α
im + nρ2 + nH2ρ2 − ηρ4
]
dv. (3.2)
From (2.12), we have
n
∑
α,β,i, j,k
Hβ h˜βi jh˜
α
ikh˜
α
kj = −n(n − 1)
∑
β
Hβ⊥Hβ − n
∑
β,α
HαHβσ˜αβ +
(
n2
2
− n
)
|H|2ρ2. (3.3)
Substituting (3.3) into (3.2) and using Stoke’s formula we get
0
∫
M
[
|∇h|2 − n2∣∣∇⊥H∣∣2 − n(n − 1)∑
β
Hβ⊥Hβ − n
∑
β,α
HαHβσ˜αβ + nρ2 + n
2
2
H2ρ2 − ηρ4
]
dv. (3.4)
By a simple calculation, we get∑
α,i, j,k
(
h˜αi jk
)2 = ∑
α,i, j,k
(
hαi jk − Hαk δi j
)2 = ∑
α,i, j,k
(
hαi jk
)2 − n∣∣∇⊥H∣∣2. (3.5)
Since the (p × p)-matrix σ˜αβ is symmetric, it can be assumed to be diagonal for a suitable choice of {en+1, . . . , en+p},
i.e.,
σ˜αβ = σ˜αδαβ .
We have∑
β,α
HαHβσ˜αβ =
∑
α
(
Hα
)2
σ˜α 
∑
α
(
Hα
)2∑
β
σ˜β = ρ2H2. (3.6)
From (3.4), (3.5), (3.6) and appealing to Lemma 2.1, we obtain
0
∫
M
[
|∇h˜|2 + n
(
ρ2H2 −
∑
β,α
HαHβσ˜αβ
)
+ ρ2(n − ηρ2)+ n(n − 2)
2
H2ρ2
]
dv

∫
M
[
|∇ fε|2 + ρ2
(
n − ηρ2)+ n(n − 2)
2
H2ρ2
]
dv. (3.7)
By (3.7) and (2.14), we get
0 k1(n, t)
∥∥ f 2ε ∥∥ n
n−2
− k2(n, t)
∫
M
(
1+ H2) f 2ε dv + ρ2(n − ηρ2)+ n(n − 2)2
∫
M
H2ρ2 dv.
As ε → 0, we have
0 k1(n, t)
∥∥ρ2∥∥ n
n−2
+ (n − k2(n, t))‖ρ‖22 − η∥∥ρ4∥∥+
[
n(n − 2)
2
− k2(n, t)
]∫
M
H2ρ2 dv.
Taking t =max{ (n−2)
2n(n−1)2 ,
(n−2)2
4n(n−1)2 }, we obtain
0 k1(n, t)
∥∥ρ2∥∥ n
n−2
− η∥∥ρ4∥∥
 k1(n, t)
∥∥ρ2∥∥ n
n−2
− η∥∥ρ2∥∥ n
n−2
∥∥ρ2∥∥ n
2
= [k1(n, t) − η∥∥ρ2∥∥ n
2
]∥∥ρ2∥∥ n
n−2
.
Therefore, we conclude that if∥∥ρ2∥∥ n
2
<
k1(n, t)
η
,
then ρ2 = 0 and M is totally umbilical. Here
k1(n, t)
η
= (n − 2)
2
4η(1+ t)(n − 1)2C2(n)
=max
{
1
2− 1/p ,
2
3
}
·min
{
n(n − 2)2
[4n(n − 1)2 + (n − 2)2] ,
n(n − 2)2
[4n(n − 1)2 + 2(n − 2)]
}
1
C2(n)
= α(n, p).
By taking An = infp1 α(n, p), we conclude that M must be totally umbilical. This completes the proof of Theorem A. 
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Corollary 3.1. Let M be an Einstein and minimal submanifold in Sn+p . Then there exists a positive constant An depending only on n
such that if
‖S‖ n
2
< An,
then S = 0 and M is a totally geodesic submanifold.
Proof. It follows from a theorem in [5] that minimal submanifolds and Einstein manifolds in a unit sphere are special
extremal submanifolds. By Theorem A, M must be totally geodesic. 
4. Pointwise Pinching Theorem
Firstly, we introduce the following lemma.
Lemma 4.1. Let M be an n (n 2)-dimensional submanifold in Sn+p . Then
1
2
ρ2 = |∇h|2 − n2∣∣∇⊥H∣∣2 + ∑
α,i, j,k
(
hαi jh
α
kki
)
j + n
∑
α,β,i, j,m
Hβ h˜βmjh˜
α
i j h˜
α
im
+ nρ2 + nH2ρ2 −
∑
α,β
σ˜ 2αβ −
∑
α,β, j,k
(Rβα jk)
2 − 1
2

(
nH2
)
, (4.1)
where σ˜αβ is deﬁned in (2.10).
Proof. From the deﬁnition of  and ρ2, we have by use of (2.6) and (2.7)
1
2
ρ2 = 1
2

(∑
α,i, j
(
hαi j
)2)− 1
2

(
nH2
)
=
∑
α,i, j,k
(
hαi jk
)2 + ∑
α,i, j,k
hαi jh
α
ki jk −
1
2

(
nH2
)
= |∇h|2 − n2∣∣∇⊥H∣∣2 + ∑
α,i, j,k
(
hαi jh
α
kki
)
j +
∑
α,i, j,k,m
hαi jh
α
mkRmijk
+
∑
α,i, j,m
hαi jh
α
imRmj +
∑
α,β,i, j,k
hαi jh
β
ik Rβα jk −
1
2

(
nH2
)
. (4.2)
Putting (2.1), (2.2) and (2.8) into (4.2), we have
1
2
ρ2 = |∇h|2 − n2∣∣∇⊥H∣∣2 + ∑
α,i, j,k
(
hαi jh
α
kki
)
j + n
∑
α,β,i, j,m
Hβhβmjh
α
i jh
α
im
+ nρ2 −
∑
α,β,i, j,m,k
hαi jh
β
i jh
α
mkh
β
mk −
∑
β,α, j,k
(Rβα jk)
2 − 1
2

(
nH2
)
.
This together with (2.9) implies (4.1). This proves the Lemma 4.1. 
Proof of Theorem B. Since M has ﬂat normal bundle, we have
Rαβ jk = 0. (4.3)
Substituting (3.3), (3.6) and (4.3) into (4.1), we obtain
1
2
ρ2  |∇h|2 − n2∣∣∇⊥H∣∣2 + ∑
α,i, j,k
(
hαi jh
α
kki
)
j −
∑
α
n(n − 1)Hα⊥Hα
+ nρ2 + n(n − 2)
2
H2ρ2 −
∑
α,β
σ˜ 2αβ −
1
2

(
nH2
)
. (4.4)
The (p × p)-matrix (σ˜αβ) is symmetric and can be diagonalized for a suitable choice of {en+1, . . . , en+p}. We set
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By (4.4), (4.5) and Stoke’s formula, we have
0 n
∫
M
ρ2 dv + n(n − 2)
2
∫
M
H2ρ2 dv −
∫
M
∑
α
σ˜ 2α dv
 n
∫
M
ρ2 dv −
∫
M
∑
α
σ˜ 2α dv
 n
∫
M
ρ2 dv −
∫
M
(∑
α
σ˜α
)2
dv
=
∫
M
ρ2
(
n − ρ2)dv. (4.6)
If 0 ρ2  n, then we conclude from (4.6) that either ρ2 ≡ 0, or ρ2 ≡ n. In the ﬁrst case, we know that S ≡ nH2, i.e. M
is totally umbilic. In the latter case
ρ2 = S − nH2 ≡ n,
we have from (4.6)
H2ρ2 = 0.
So H = 0 and M is a minimal submanifold.
On the other hand, we have from (4.6) that
∑
α
σ˜ 2α =
(∑
α
σ˜α
)2
.
This together with Theorem 3 in [2] implies p = 1. By Theorem 1.3, we see that n = 2m and M is a Clifford torus Cm,m . This
completes the proof of Theorem B. 
In [3], A.M. Li and J.M. Li proved the following inequality∑
α,β
N(Aα Aβ − Aβ Aα) +
∑
α,β
σ˜ 2αβ 
3
2
ρ4,
where An+1, . . . , An+p are symmetric (n × n)-matrices, and σ˜αβ = tr(Atα Aβ), ρ2 =
∑
α σ˜αα .
Combining the inequality above and the proof of Theorem 1.3, we get the following proposition.
Proposition 4.1. Let M be an n-dimensional (n 2) compact extremal submanifold in the unit sphere Sn+p . Then we have∫
M
ρn
(
A(n, p) − ρ2) 0.
In particular, if
ρ2  A(n, p),
where
A(n, p) = max
{
n
2− 1/p ,
2n
3
}
,
then either ρ2 ≡ 0 and M is totally umbilical, or ρ2 ≡ A(n, p). In the latter case, either p = 1, n = 2m and M is a Clifford torus Cm,m;
or n = 2 and M is the Veronese surface.
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